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Abstract. The aim of this work is to present the first problems that appear in 
the study of nilpotent Leibniz superalgebras. These superalgcbras and so the 
problems, will be considered as a natural generalization of nilpotent Leibniz 
algebras and Lie superalgebras. 
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1. Introduction 

The notion of Leibniz superalgebras was firstly introduced in , although graded 
Leibniz algebra was considered before in work 8J . As Leibniz algebras are a gener- 
alization of Lie algebras |9j , then many of the features of Leibniz superalgebras are 
generalization of Lie superalgebras. 

The study of nilpotent Leibniz algebras [I], [3], [1] shows that many nilpotent 
properties of Lie algebras can be extended for nilpotent Leibniz algebras. The 
results of nilpotent Leibniz algebras may help us to study nilpotent Leibniz super- 
algebras. However, nilpotent Leibniz superalgebras turn out more complex than 
nilpotent Lie superalgebras. 

This is the frame of our work: nilpotent Leibniz superalgebras. In the case of 
Leibniz algebras appears the notion of zero-filiform algebra, this notion does not 
exist in Lie algebras. This algebra has maximal nilindex. In Leibniz superalgebras 
we offer the analogue of zero-filiform Leibniz algebras, that is zero-filiform Leibniz 
superalgebras, ZF"'^"' . But not all of zero-filiform Leibniz superalgebras have max- 
imal nilindex, there is only one in particular pair of dimensions: (n, n), (n, n + 1), 
as could be seen in theorem 13.91 

Before to studying general classes of Leibniz superalgebras (zero-filiform and 
filiform Leibniz superalgebras) we had to solve the problem of finding a suitable 
basis; a so-called adapted basis, see theorems 13.51 and 13.81 The function /(n, m), 
defined as the maximal nilindex for Lie superalgebras of type (n,m), is always 
< n + m — 1 10 but the same function f{n,m) on Leibniz superalgebras can 
be n -|- m. Also, this valué is only obtaincd for the special zero-filiform Leibniz 
superalgebras that appear in the particular pair of dimensions mcntioned above. 
By applying direct sum with C to these special Leibniz superalgebras we obtain 
that f{n + l,n) = 2n and f{n, n + 2) — 2n + l, see theorem 13. 111 Maximal nilindex 
determination is an open problem for the general case. 
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Analogously as for Lie superalgebras ¡10¡ we will refer the nilpotcnt Lcibniz 
superalgebras of type (n,m), with nilindex f(n,m), as maximal class Leibniz su- 
peralgebras. We will denote the variety of these Leibniz superalgebras as A^"'™. 

In this work we have obtained many results concerning nilindex and the func- 
tion maximal nilindex /(n, m); we have found many of superalgebras with open 
orbits which determine irreducible components of the variety of nilpotent Leibniz 
superalgebras, and we have obtained the relative position of the subvarieties A^"^™ 
and ZF"'™ in some cases. Also we conjecture that there exists one unique Leibniz 
superalgebra of type {n + l,n) with nilindex equal to 2n (conjecture 2). 

In this paper, most of classification proofs are omitted because of they are very 
laborious and they do not apport any new idea. 

2. Preliminaries 

The vector space V is said to be Z2-graded if it admits a decomposition in direct 
sum, V = Vq^Vi. An element X of V is called homogeneous of degree 7, 7 € Z2, 
if it is an element oíVy. In particular, the elements of Vq (resp. Vi) are also called 
even (resp. odd). 

Let V — Vo Vi and W — Wq^Wi be two Z2-graded vector spaces. A 
linear mapping / : ^ is said to be homogeneous of degree 7, 7 € Z2, 
if f{Va) C Wa+-y{mod2) for all tt G Z2 . In particular, if the linear mapping is 
homogeneous of degree O is said to be a homomorphism of the two Z2-graded 
vector spaces. Now it is clear how we define an isomorphism or an automorphism 
of Z2-graded vector spaces. 

We say that two Leibniz superalgebras, Li and L2, are isomorphic if there ex- 
ists a Z2-graded vector space isomorphism, (p : Li ^ L2, satisfying tp{[X,Y]) = 
[(p{X) , íp{Y)] for all X, Y of Li. Then ¡p is called an isomorphism of Leibniz su- 
peralgebras and it is always assumed to be consistent with Z2-graduations; that is, 
they are homogeneous linear mappings of degree zero. 

Definition 2.1. [1]. A Z2-graded vector space L = Lq^Li is called a Leibniz 
superalgebra if it is equipped with a product [— ,— ] which satisfies the foUowing 
conditions: 

[LcLp] C ia+;3(mod2) f OT all Q;, /3 G Z2 

[x, [y, z\] = [[x, y], z] — (— l)"'^[[a;, z\,y\ — graded Leibniz identity 

for all X e L, 2/ e Lq, z e Q!,/3 e Z2. 

Note that if a Leibniz superalgebra L satisfies the identity [x, y] — — (— x] 
for all X G L^, y € , then the graded Leibniz identity is reduced to the foUowing 
graded Lie identity: 

{-ir[x, [y, z]] + {-ír%, [z,x]] + {~lf^[z, [x,y]] = 0. 

Therefore Leibniz superalgebras are a generalization of Lie superalgebras. 
If we denote by Rx the right multiplication operator, i.e. Rx : L L, then the 
graded Leibniz identity can be expressed in the foUowing form: 

R[x,Y] — RyRx ~ {—^Y'^RxRy (1) 
where X € La,Y e Lp. 
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We denote by R{L) the set of all right multiplication operators. It is not difficult 
to prove that R{L) with the multiplication deñned by: 

< Ra, Rb >■= RaRb — {—^T^^RhRa (2) 

for Ra e R{L)a, Ri, e R{L)[j, becomes a Lie superalgebra. 

In order to provide an example of non-Lie Leibniz superalgebra, we can consider 
an associative superalgebra, A — Ai, and a linear mapping D : A ^ A 

satisfying the condition: 

D{a{Db)) = DaDb = D{{Da)h) 

for all a, í» e A and define a new multiplication over the underlying Z2-graded vector 
space, <, >, by: 

< a,6 >d:= a{Db) - (-1)°'^^ D{b)a 

for a e Aa, b e Ap . Then A equipped with multiplication <, > becomes a Leibniz 
superalgebra, which in general is not a Lie superalgebra. 

The descending central sequence of a Leibniz superalgebra i = Lq ® ¿i is de- 
fined by C°{L) = L, C'=+i(L) = [C'iL), L] for all fc > 0. If C''{L) = O for some k, 
the Leibniz superalgebra is called nilpotent. The smallest natural number k such 
as C^{L) = O is called the nilindex of L. 

We denote by iV"'™ the variety of nilpotent Leibniz superalgebras i = Lq ® 
with diniLo — n, dimLi — ni] and by Leib""'™ denote the variety of Leibniz su- 
peralgebras. The above property C^{L) — O can be realized via finite numbers of 
polynomial relations on structure constants and therefore, this set forms a subva- 
riety of the variety Leib"'™'. 

For Leibniz superalgebras we have the foUowing analogue of Engel's theorem: 

Theorem 2.2. (Engel's theorem) 1. A finite dimensional Leibniz superalgebra 
L is nilpotent if and only if the operators Rx are nilpotent for all X Cz L. 

If we take an homogeneous basis {Xq, X„_i, Yi, Ym} for L [L ^ ie¿6"'"'), 
the superalgebra is completely determined by: 

Ti— 1 m 

[x„ X,] - Y. ^S^fe' ^^-1 = E 

m n— 1 

[y., X,] = Y. Y,] = Y. ^'^fe' 

fc=i fc=i 

where {C^j , D^^ , E^j , Pf^} are structure constants. These structure constants verify 
the restrictions obtained by the graded Leibniz identity [1]. 

Let V = Vo^Vi be the underlying vector space of L, L = ¿o ® G Leib"^'"^ 
and let G{V) be the group of the invertible linear mappings of the form / = /o + /i 
such that /o e GL{n,C) and /i e GL{m,C) {G{V) = GL{n,C) ® GL{m,C)). 
The action of G{V) on Leib"'^^ induces an action on the Leibniz superalgebras 
variety: two laws Ai and A2 are isomorphic, if there exists a linear mapping /, 
/ = /o + /i e G{V), such that 

A2(X,r) = /-_^^(Ai(/„(X),/^(r))) for all X ^V^,Y ^Vp. 
We denote by 0(A) the orbit of A corresponding to this action. 
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The superalgebras with open orbits in N"'™ are called rigid. The closures of 
these open orbits give irreducible components of the variety N"^'™ . Then, the fact 
of finding such algebras is crucial for the description of the variety TV"'™. 

The description of the variety of any class of algebras or superalgebras is a 
difñcult problem. Different papers, for example [2], [5], [7], ¡llj are concerning 
the applications of algébrale groups theory to the description of the variety of Lie 
algebras. 

Definition 2.3. For a Leibniz superalgebra L = _Lo®-^i we define the set Z{L), 
Z{L) = {X E L : [L,X]^ 0} which will be called the right annihilator of L. 

It is easy to see that Z{L) is a two-sided ideal of L and ^] G Z{L) for any 
X E Lq, this notion is good and compatible with the right annihilator in Leibniz 
algebras. If we consider / = ideal < [X, Y] + X] : X e La,Y e Lp >, 

then I C Z{L). 

Definition 2.4. For a Leibniz superalgebra L we define the sets 

L{L) ^ {X e L ■.[X,L]^ 0}, 

Cent{L) = {X e L : [X, i] [L, X] = 0} 
which are called left annihilator and center of i, respectively. 

We can extract a result of Leibniz algebras [2] and apply it to Leibniz superal- 
gebras : for any s,r G N the foUowing subsets of Lez6"''" are closed relatively to 
the Zariski topology: 

(1) {^i e Leif'-"^ I d¿m^" < r} 

(2) e Le¿6"'™ I dimZifi) > s} 

(3) {n e Lei6"'™ I dimLin) > s} 

(4) {n e Leifo"'™ I dimCent{^i) > s} 

where /i^ — C"'(/i). Henee, a superalgebra /i does not belong to clO{X) if one of 
the foUowing conditions holds: 

(1) dirriX^ < dimiJ^ for some s, 

(2) dimZ{\) > dimZ{fi), 

(3) dimL(X) > dimL{^), 

(4) di'mCent{\) > dimCent{fj,). 

3. Details in Leibniz superalgebras 

Let L = Lq^Li be a nilpotent Leibniz superalgebra with dimLQ = n and 
dimLi = m. From (2) we have that R{L) is a Lie superalgebra, in particular R{Lq) 
is a Lie algebra. As Li has Lo-module structure we can consider R{Lq) as a subset 
of GL{V), where V is vector space corresponding to Li. So, we have a Lie algebra 
formed by nilpotent endomorphisms of V. And applying the Engel's theorem [6] 
we have existence of subspaces of V: 

V0CV1CV2Q ... C ^ V, 

with dim{Vi) — i and R{Lq){Ví+i) C Ví. 

We define two new descending sequences, C'^{Lq), C'^(Li) as follows: C°{Li) = 
C'+^iU) = [C^{L,),Lo\ fork>0,i£ {0,1}. Analogously as for Lie su- 
peralgebras [10], ií L — Li is a nilpotent Leibniz superalgebra, then L has 



ON NILPOTENT LEIBNIZ SUPERALGEBRAS 



5 




We have for Lie superalgebras the invariant called characteristic sequence that 
can be naturally extended for Leibniz superalgebras. Thus, we have the fohowing 
definition. 

Definition 3.1. For an arbitrary element X E Lq, the operator Rx is a nilpotent 
endomorphism of space L¿, whcre i e {0,1}. We denote by gZi{X) descending 
sequence of dimensions of Jordán blocks of Rx ■ We define the invariant of a Leibniz 
superalgebra L as foUows: 



where gzi is the lexicographic order. 

The couple gz{L) is cahed characteristic sequence of Leibniz superalgebra L. 

We denote by N^'¡p the subset of the set N"-'™, with s-nilindex {ko,ki), where 
ko < P and ki < q. 

Lemma 3.2. The set N^^^"- is a subvariety of the variety TV"'™. 

Proof. The proof of this lemma is evidcnt, because the set -/V^ '™ can be realized 
via finito numbcrs of polynomial equations of the structure constants. □ 

Definition 3.3. A Leibniz superalgebra L, L E A^"'™^ is called zero-filiform if its 
s-nilindex is {n,m). 

We denote by ZF"'"^ the set of zero-filiform Leibniz superalgebras. 

Remark 3.4. 

1) If L = Lq ® ¿1 is a zero-filiform Leibniz superalgebra thcn from [3] we have 
that Lq is a zero-filiform Leibniz algebra. 



2) Since Zi^"'™ = iV"'"\(7V^l'^ U Cm-i)> t^en ZF"'™ is an open set in 



Zariski topology. 

3) Note that zero-filiform Leibniz superalgebra L of type (n, m) can be realized 
as superalgebra with gz{L) = (n|m). 

Before to studying general classes of Leibniz (super)algebras, it is useful to solve 
the problem of finding a suitable basis; a so-called adapted basis. This question is 
not trivial even for Lie superalgebras and it is difficult to demónstrate the general 
existence of such a basis for Leibniz superalgebras. Particularly, we prove in the 
foUowing theorem that there always exists an adapted basis for the class of zero- 
filiform Leibniz superalgebras. 

Theorem 3.5. If L = Lq^Li E ^F"'™, then there exists an adapted basis of 
L, namely {Xq, Xi, .... Xn-i,Yi,Y2, ...,Ym}, with {Xq, Xi, Xn^i} a hasis of Lq 
and {Yi, I2, ^m} o, hasis of Li, such that: 



Moreover [Yj, Xk] — O for 1 < j < m and í < k < n — 1, and the omitted products 
of Lq —< Xo, Xi, X„_i > vanish. 




[X„Xo]=X,+i, 0<i<n-2, [Xn-i,XQ]=0, 
[Y,,Xq] = Yj+i, í<j<m-í, Xo] = 0. 
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Proof. As L — Lq ^ Li is a zcro-filiform Lcibniz superalgebra, thcn Lq is a zero- 
filiform Leibniz algebra. Thus from ^ we have an adapted basis for Lq : {Xq, Xi, 
X„_i} with [X„Xo] = O <i <n~2, [X„_i,Xo] = O, [X,,Xk] = O for 

O < i < n — 1 , and 1 < k < n — 1. 

As we stated at the beginning of this section we have: 

O C Vi C ... C Vm with dim{Vi+i/Vt) = 1, 

whereeachl^ is the vector spaceofgenerators: {Yi, 12, ^í}, K: =< ^i, ^2, i^i >, 
with [Fí+i,Lo] = Vi. 

So, [Vi, Lo] — O and thcn [Yi, X¿] = O Vi. As [V2, Lo] = Vi we have that exists a 
non-nuil scalar namely A2 such that [12, Xi^] = A2Y1. By induction, it is possible 
to prove that there exists a set of non- nuil scalars {A2, A3, . . . , A™} and vectors 
{Xi,, X,3, . . . , C {Xo, Xi, . . . , X„_i} verify 

[Yk,X^,]^ XkYk-i+^kiYk-2,...,Yi), 2<k<m, (3) 

where ^¿(«i, V2, ■ ■ ■ , Vg) represents a linear combination of the vectors {wi, V2, ■ ■ ■ , Vs}. 

Using the graded Leibniz identity we can assert that Í2 — "¿3 = ■ ■ ■ = im = 0. In 
fact, if there exists ik € {1, . . . , n — 1} we have 

[Yk,XiJ = [Yfe, [Xi^,_i, Xq]] = [ Jlfc, A:¿^„i]^ , Xq] - [ [Yk,Xo] , Xi^_i] 



CVk-2 QVk-2 

But from (3) we obtain that Yfe-i G Va;-2 which is a contradiction with the definition 
of the subspaces Vi. 

Thus, we have the foUowing expression for the basis vectors 

[Yi,X,]=Q, yj 

[^2,^0] = A2ri, A2^0 

[Y3,Xo] = X3Y2 + -^3ÍYi), Aa^O 

[K„ Xo] = A,K,_i + í',(r,_2, . . . , n). A, ^ O, 4 < ¿ < m 

Using the change of basis 

X¡ = Xi, 0<¿<n-l 
Y' ~ Y 

and namely Yj = ^m-j+i ^'^'^ l < j < m we obtain [y,-,Aro] = l}+i with l < j < 
TO — 1 and [y^, ATo] = 0. Only rest to prove [y,-, Afe] = O for 1 < j < to and 
1 < A: < n — 1 for to conclude the proof. 

Using graded Leibniz identity for the vectors (Yj , Ao, Aq) with 1 < j < to, we 
obtain that [Yj , Ai] = 0. It is easily seen by induction in k and using graded 
Leibniz identity for the vectors (Yj, Afe_i, Aq) that [Yj, A^] = O for 1 < j < m and 
1 < A: < n — 1 which concludes the proof. □ 

Definition 3.6. A Lcibniz superalgebra of TV"'™ is called filiform if its s-nilindex 
is (n-l,m). 

Remark 3.7. 

1) If L = Lo^Li is a filiform Leibniz superalgebra then from [3] we have 
that Lo is a filiform Leibniz algebra. 
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2) Note that a filiform Lcibniz superalgebra L of type (n, m) can be realized 
as a Leibniz superalgebra with gz{L) = (n — 1, l|m). 

We denote by F">™ the set of all filiform Leibniz superalgebras. 
The next theorem shows that in the class of filiform Leibniz superalgebras it is 
also possible to assert about existence of an adapted basis. 



Theorem 3.8. Let L = Lq ^ Li be a filiform Leibniz superalgebra, L E pn.m ^ 
Then there exists a basis {Xq, Xi, X„_i, Yi, •■•7 ^m} of L such that L can be 
expressed in one of the following of laws: 



(I) 



{II) 



[X,,Xo\= X^+i, í<i<n-2 
[Y,,Xo]=Y,+i, l<j<m-l 

[Ym,Xo]=0 

[Yj,Xk]^0, 1 < j < m, 2 < fc < n - 1 
[Xo , Xo] = X2 

[^O- Xi] = «3X3 + ... + Qí„_2^n-2 + dXn^i 

[Xi,Xi] a3Xi+2 + ■■■ + a„-¿X„_i, 1 <i <n 

[X„Xo]=X,+i, 2<¿<n-2 
[y„Xo] = y,+i, l<j<m-l 
[Y„,,Xo] = 

[Yj,Xk] = 0, l<j<m, 2<k<n-í 
[Xo , Xpi] = X2 

[Xo, Xi] = (3^X3 + ... + /3„_iX„_i 

Xi] = /33X¿-|_2 + ■•■ + fin-iXn-1, 



[Xi,Xo\ — —[Xo,Xi\ — X¿+i 

(///) : { [X„ X,] = -[Xj,Xi\ &lin<X 



2 < ¿ < 71 - 3 

1 < ¿ < 71 - 2 
. . ,Xn > 1 < i, j < 71 - 1 
1 < J < 771 — 1 

In (I) and (II) the omitted producís of Lq =< Xq, Xi, X„_i > vanish. 

Proof. If Lq is a non-Lie filiform Leibniz algebra, then from [Sj we have that there 
exists a basis of Lo : {Xo, Xi, Jí„_i} such that Lq can be expressed as the even 
products (i.e. the products [JÍ¿,Xj]) of (I) or as the even products of (II). Then 
applying a similar reasoning as in theorem 13. 51 we obtain the existence of vectors of 
Li : {Yi, ....,Ym} which satisfy the multiplications (I) and (II) of the theorem. 

If Lo is a filiform Lie algebra, then using the even products from Ti] and using 
the mentioned reasoning for {Yi, . . . , Ym} way we obtain the family (III). □ 

In [1] we have the following result 

Theorem 3.9. [T] Let L be a n-dimensional Leibniz superalgebra with maximal Ín- 
dex of nilpotency. Then L is isomorphic to one of the two following non isomorphic 
bras: 

[ej,ei] = e¿+i 1 < i < 71 - 1, 
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[ci, ei] = Cí+i, 1 < ¿ < - 1, [e¿, 62] = 2ej+2, 1 < ¿ < ?^ - 2, 
where omitted producís are zero. 

Seeing the process of the proof of this theorem we observe that the Leibniz 
superalgebra 

[ei,ei] = Ci+i 1 < i < n - 1 

is really a split Leibniz superalgebra, i.e. is a Leibniz algebra with all the basis 
elements e.¿ even ones. So, this case is not interesting for our study. However, the 
Leibniz superalgebra 

[e», ei] = e¿+i, l<i<n-l, [e^, 62] = 2ei+2, l<¿<n-2 

has even part all the e¿ with i even, and the odd part is constituted by all the e, 
with i odd. That is, L = Li =< 62, 64, • • • > ® < ei, 63, • • • >, thus there are 

two possibilities: 

• if n is even, then we have L —< 62, 64, . . . , e„ > < ei, 63, ... , e„_i > so, 
dim{Lo) — dim{Li). 

• if n is odd, then we have L —< 62, 64, ... , e„_i > ® < ei, ea, . . . , e„ > so, 
dim[Li) = 1 + dim(Lo). 

As for Lie superalgebras [lOj , the function that gives the maximal nilindex for each 
pair of dimensions n and m (dimensions of the even and odd parts, respectively) 
will be noted by /(n, m). Thus we have the foUowing important theorems for our 
study. 

Theorem 3.10. f{n, m) is equal to n + m if and only if m — n or m — n + 1. 

By applying direct sum with C to the non-split superalgebras of the theorem 
13.91 we obtain the foUowing result. 

Theorem 3.11. f{n+ l,n) = 2n and f{n,n + 2) = 2n + l. 

At this point, for the rest of possibilities of the pair (n, ni) the function f{n, m) 
is unknown. 

Since the non-split superalgebras of the theorem 13.91 are zcro-filiform Leibniz 
superalgebras, in the foUowing sections we will start considering the sct 
Moreover, in the next sections we will study Leibniz superalgebras with the dimen- 
sión of the odd part up to three and generic dimensión of the even part, and generic 
dimensión of the odd part and two-dimensional even part. 

4. Leibniz Superalgebras with two-dimensional odd part 
We will consider the case n — 1 separately. 



ON NILPOTENT LEIBNIZ SUPERALGEBRAS 



9 



4.1. Case n = 1. 

Lemma 4.1. Let L be any Leibniz superalgebra L S ZF^'^ . Then it is isomorphic 
to one of the foUowing Leibniz superalgehras, pairwise non-isomorphic, that can be 
expressed in an adapted basis {Xq, Xi, Yi, I2} by 

[Xo, Xq] = Xi 
[Yi,Xo]=Y2 
[Xq, Yi] = 



Xíi, Xo 


= ^1, 






= Y2 




Xq, 11] 




a e C 




= Xi 




eeneric 


change 


of basis 



[Yi,Y^]=Xo 
[Y2,Yi\=Xi 



we obtain the lemma. □ 

Remark 4.2. By using the change of basis ei = Fi, 62 = 63 = \Y2, 64 = \Xi, 
it is easy to see that 1x2 is a superalgebra of the theorem 13.91 for the case (2,2). 



Proposition 4.3. /(2, 2) = 4(= 71 + m) 

Proof. Is a coroUary of the above lemma. □ 
Proposition 4.4. 

M^'^^0{fi2) 

Proof. According to the above lemma it is sufñcient to prove that if L g 7V2'2 with 
nihndcx 4, then L € ZF^^^. In fact, if L ^ ZF^^"^ then we have two possible cases: 

Case 1. L = Lq + Li, with Lq abelian. In this case i is a Lie superalgebra and 
then it will have nilindex < 4, see ¡10) . 

Case 2. L = Lq + Li, with Lq zero-filiform Leibniz algebra. In this case as 
L ^ Zi^2'2 then Y2 i C^{V) ({Yi, I2} basis of Li) which leads to nilindex < 4. □ 

Proposition 4.5. The orbit 0(112) is a Zariski open subset of N'^''^ 
Proof. It is a consequence of 

/(n+l,m) — 1 

□ 

4.2. Case n > 1. 

Lemma 4.6. Let L be any zero-filiform Leibniz superalgebra L G with 
n>2. Then it is isomorphic to one of the following Leibniz superalgebras, pairwise 
non-isomorphic, that can be expressed in an adapted basis {Xq, Xi, . . . , Xn, Yi, Y2} 
by 
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[Xi,Xo\=Xi+i, 0<¿<n-l 
\YuXo]=Y2 

\Xo,Y{\=aY2, aeC 
[YuY^]=Xn 



M2 



[Xi,Xo\=Xi+i, Q<i<n-l 
[n,Xo]=F2 

[Y2,Yr]=Xn 



[Xi,Xfi]=Xi+u 0<¿<n-l 

M3 = <; [Xo,yi]--F2, 

\Yl, Yi] ~ Xn-l 
[i"l,>'2]=^„ 

Remark 4.7. AU the above Leibniz superalgebras have nilindex n + 1 (= (n + 1) + 
m — 2), two units less than the total dimensión of the Leibniz superalgebras. 

Proof. The family of .2:^"+^'^, with n > 2, can be expressed, in an adapted basis 
{Xo,Xi,...,X„,Fi,y2},by 



[Xi, Xo] 
[Yi,Xo] 
[Xo,Yi] 

[Yi,Y,]-- 



Y2 

aY2 



O < i < n- 1 



n 



¿=0 



i=0 
un V 
"22^" 



^ \Y2,Y2\ 

verifying the gradcd Leibniz idcntity. This fact leads to 

[X,,Xo\=Xi+i, 0<i<n-l 
[Yi,Xq\=Y2 
[Xo,Yi]=aY2 

= 65'r'^n-l + í'll^n 
\Yl, Y2] = bi2Xn 



with the restrictions: 



afe^i = O 

(a + 1)6?2 = O 

bl2 - Ki^ + 6^1 = O 



Now we considcr diffcrcnt cases: 



Case 1. = O- this case we have that 6"^ 
— Case 1.1. a = 0. 



n-l 



and 



0. 
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* Case 1.1.1. a = 0. As implies that the law corresponds to 
a degenerate case, it is necessary that 6"^ ^ 0. Applying the 
change of scale {X¿ = bXo, Y{ = Yi, = bY2} taking b as any 
complex root of the equation — = O, we have 

* Case 1.1.2. a ^ 0. By using the change of basis that foUows 



' x;y = bXo + cXi 

X[ = b'+^Xi + b'cXi+1, 1 < i < n - 1 

Yl = Fi 
Y¡ = bY2 



with b any complex root of the equation a;"— a = O and c = , 
we obtain /i2- 

— Case 1.2. a ^ 0. As we have argucd before 6"i O (in other case it 
will be a degenerate case). Therefore, without loss of generality we 
may assume that 6"^ = 1 (by a simple change of scale). If we denote 
a by a, we obtain /i" with a ^ 0. 
• Case 2. 7^ 0. In this case we have that o = — 1 and b"^^ = ^"2 7^ O 
621 =0. By repeating the change of basis in the case 1.1.2. we obtain ^1*3. 

After, by applying a generic change of basis it can be seen that the above super- 
algebras are pairwise non-isomorphic. 

□ 



Theorem 4.8. The orbits 0(112), 0(113) are Zariski open subsets of N'^^^''^. 

Proof. We have that dimL{fii) = 2 for ¿ = 1,3, but for i = 2 this invariant is equal 
to one. Therefore, 0(^2) <^ ^aGCclO(iJ,f) U dO(fi3) which implies that 0(^2) ?í 
Uagcc/0(Mi ) U dO(n3) U A^^_2^'^ U A''^+i;i , that is, 0(^2) is a Zariski open subset 
ofiV"+i'2. 

Since dimZ(iXi) = n + 1 for ¿ = 1,2, and dimZ(^3) = n, then 0(^3) ^ 
UaeCclOiiif) U dO{fi2) which implies that 0(/i3) ct Ua(:cdO(iJ,^) U dO(n2) U 
N'^t^^^ U iV^+íf , that is, 0(113) is a Zariski open subset of iV"+i'2. 

□ 



The question now is if thcrc cxists any Leibniz superalgcbra of nilindcx higher 
than n + 1 that is the maximal nilindex for zero-filiform Leibniz superalgebras. The 
following theorem is a consequence of the search of such Leibniz superalgebra in 
the filiform Leibniz superalgebras. 



Theorem 4.9. Let L he any filiform (non Lie) Leibniz superalgebra L = Lq Q) Li 
with dim(Lo) = n + 1, n > 1 and dim(Li) = 2. If L has nilindex n + 2, then n = 2 
and it will be isomorphic to the following Leibniz superalgebra that can he expressed 
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adapted basis {Xq, Xi, X2, Yi, I2} by 



R 



.3,2 



= < 



Corollary 4.10. 

/(3,2) = 4, 

/(n+1,2) = n + l, ifn>3 



Corollary 4.11. 
Corollary 4.12. 



[Xi, Xo] — X2 

[Xq, Xq] = X2 

[Xo,Y,] = ÍY2 

[^l,n] = il2 

[Yi,Xo]=Y2 
[Yi,Y,]=Xo 
[^2,11] =^2 



3,2 



ZF 



in+1,2 



n+1,2 



n> 3 



Proof of the theorem. For n > 2, by using the graded Leibniz identity it is easy 

to scc that any filiform Leibniz (no Lie) superalgebra L = Lq (¡) Li with adapted 
basis {Xq, Xi,X2, X3, . . . , Xn, ^1,^2} verifies that [^1,^1] €< X2, ■ ■ ■ ,Xn >, which 
implies that L will have always nihndex n. For n = 2, all the cases are as described 
below except for one case in which it is possiblc that Xq g< [lijli] >. This 
exception corresponds to the two-paramctric family 



[Xi , Xo 


= X2 


[Xq , Xo 


= X2 


[Xo,Y,] 


= XY2 


[Xi,Y,] 


= XY2 


[YuXo] 


= 2XY2 


[Yi,Y,] 


= 2Xl3Xo 


. [Y2,Y,] 


= 13X2 



with A/3 ^ 0. If we apply the change of scale {Xq = -Xo,X[ = -X\,X2 = 

^X2,Y( = — ^=Yi,Y2 = ^^— Y2\ to the two-parametric family, we obtain R. 
This concludes the proof. m 



5. Leibniz Superalgebras with three-dimensional odd part 



In this section and in the rest, most of classification proofs are omitted because 
of they are very laborious and they do not apport any new idea. 



ON NILPOTENT LEIBNIZ SUPERALGEBRAS 



13 



5.1. Case n = 1. 



Lemma 5.1. Let L be any Leibniz superalgebra L € ZF^'^ . Then, it is isomorphic 
to one of the foUowing Leibniz superalgebras, pairwise non- isomorphic, that can be 
expressed in an adapted basis {Xq, Xi, Yi, I2, ^3} by 









— -í 2 




— y 3 


[11, ill 


— Al 


[Xq , Xq 


= X^ 


[Yi,Xo] 


^Y2 


[Y2,Xo] 


= ^3 




= -Y2 


[^0,^2] 


= -Yz 




= Xi 


[Xq, Xq 


^x. 


[Yi,Xo] 


= Y2 


[Y2,Xo] 


= Y^ 


[Xo,Y,] 


= -Y2 


[Xo,Y2] 


= -Yi 


[Yi,Y,] 


^~Xi 


[Y2,Y2] 


= Xi 


[Y3,Y,] 


= -Xr 



fJ'2 



M6 





_ Y 
- Xi 


[Yi,Xo] 


^Y2 


[Y2,Xo] 


^Ys 


[Xo,Yi] 


= >3 


[Yi,Y,] 


= ^1 


[Xci , Xq 


= Xi 


[Yi-.Xo] 


= Y2 


[Y2,Xo] 


= Y3 


[Xo,Yi] 


= -Y2 


[Xo,Y2] 


= -Y3 


[Yi,Y,] 


= Xi 


[Xo,Xa 


= x. 


[Y1..X0] 


= Y2 


[Y2:Xo] 


= Yi 


[Xo,Yi] 


= \y^ 


[Xi,Y,] 


= ^3 


[Yi,Y,] 


= ^0 


[Y2-Yi] 


= ^1 



Y^ 



Proof. By using a generic change of basis, along with the graded Leibniz identity 
we obtain the lemma. □ 

Remark 5.2. It is easily to see that ¡iq is the superalgebra (in theorem l3.9p for the 
case (2, 3), if we only consider the change of basis: ei = Yi, 62 — Xq, 63 — ^¥2, 64 — 
^Xi,e5 — Y3.. 

Proposition 5.3. 



/(2,3) = 5 
Proof. Is a corollary of the above lemma. 
Proposition 5.4. 

Proof. Is a corollary of the above lemma. 

Proposition 5.5. 0(^15), 0{^q) are Zariski open subsets of N"^'^ . 



□ 



□ 
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Proof. Since fiQ has maximal index of nilpotency we have that 0{fie) is a Zariski 
open subset of N"^'^. 

Concerning to 0{ijl^) wc havc that dimC^dii) = 1 for 1 < ¿ < 4 and dimC'^{ii^) = 
2, which impHes that O^j^) <^ Ui<i<4dO(/x¿). Since dimZ{ij,Q) = 3 and dimZ^n^) = 
1 we have that 0{ii^) ^ cIO{ijlq). Thus, 0{iJ,^) (fi lJi<i<e,iji5clO{iJ,i), that is 0(/X5) 
is a Zariski open subset of N'^'^. 

□ 



5.2. Case n = 2. 

We are going to give two lemmas which will be useful in this section and in the 
remaining ones. 

Lemma 5.6. Let L = Lq(B Li be any Leibniz superalgebra with s-nilindex (r7, + l,3) 
or (n,3). Then, if we cali {Xo,Xi, . . . ,X„,Yi, 12,13} an adapted basis of L, it will 
verify 



[Yi,Yj]eC^-'+'+\Lo) forallij 
Proof. Using the graded Leibniz identity we obtain that 

[Y3,Y3] = [[Y2,Y:,]. Xo] = [[1;,. I2], ^0] = [[[l^i, 1^,], X,,], Xo] = [[[^3, n], ^o], ^o] = 
= l/2[[[Y2,Y2],Xo],Xo] = í/3[[[[Yi,Y2lXolXolXo] = 1/3[[[[F2, n], ^o], ^0], ^0] 

= i/6[[[[[yi,yi],Xo],Xo],Xo],Xo] e C"(Lo) = 

which leads to the lemma. □ 

Lemma 5.7. Let L = Lq®Li be any Leibniz superalgebra with s-nilindex (n+ 1, 3) 
and n> 2. Then, if we denote {Xq, Xi,. . . , X„, Fi, I2, ^} an adapted basis of L, 

it will verify 



[Yi, Yj] e C'=-^(Lo) i + j = k, 3<k<5 
[Ys,Y3]€C\Lo)nZ{Lo) 
Proof. Using the graded Leibniz identity we obtain that 

[Yi,Y2] + [Y2,Yi] = [[Yi,Yi],Xo] e C'{Lo) 

Furthermore [Yi,Y2], [Y2,Yi] e C^{Lo). In fact, if 6?2 O then by the above 
equality we have that 6°2 = ~^2i (^12 ^^'^ ^21 respectively the coefEcients of 
Xq in [Yi,y2] and [^2,^1])- By considering the producís 

[X,, [Y,, Y2]] = m,Y,],Y2] + [[X,, Y2],Y,] = h\2X2 +1X3 + ... 

[Xi, [Y2, Fi]] = [[XUY2I Fi] + [[Xi, Fi], Fs] = -6?2^2 + 0X3 + ... 

we obtain that &°2 — O which is a contradiction. Thus, [Yi, I2], [F2, Yi] E C^{Lo). 

Analogously, it can be proved that [I2, F2], [Yi, Fs]. [Fs, Fi] e C^ÍLq). Finally bv 
considering [^3,^2] = [[F3, Fi], Xq], [F2,F3] = [[Fi,F3],Xo] and [F3,F3] = [[F3,F2],Xo 
we have the lemma. □ 
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Lemma 5.8. Let L be any Leibniz superalgebra L € ZF^'^ . Then it is isomorphic 
to one of the foUowing Leibniz superalgebras, pairwise non-isomorphic, that can he 
expressed in an adapted basis {Jío,Xi,X2,Yi, 12,^3} by 



Mi 



[Xi, Xq] — X 

[Yj , Xq 



í+ij 



Y, 



i+i 



[YuY2]=X2 
[Y2,Y,] = -X2 



0<i<l 
1 < j < 2 









0<i<l 




[Yj,Xo] 


= Yj+1 


1 < i < 2 




[Yi,Y,] 


= X2 






[YuY2] 








[Y2,Y,] 


= -X2 





Ha 



[Xi,Xo] — Xi^i, 

= Y,+i 



[YuY,] 
[Yi,Y2] 



aX2 

(1 - a)X2 



< i < 1 

1 < i < 2 

a G C 



A*4 



j+i 



[Xi, Xq] — X,;+i, 

[Yj.Xq]^Y, 
[Xo,Y^]=Ys 



< ¿ < 1 

1 < i < 2 



M5 



[Xi, Xq 


= ^Í+l5 


< ¿ < 1 




[X¿ , Xq 






= ^i + 1 


1 < i < 2 








[X,uYi\ 


= >3 






[Xo,yi] 


^Y^ 


[YuY^] 


= Q;X2 


a e C 




[i'i^^'i] 


= Xi 


[n,F2] 


= ^2 






[YiM 


= aX2 


[^2,n] 


= -X2 








= (1 - a)X2 



< ¿ < 1 

1 < i < 2 



[Xi,Xo 


— Xj+i, 


< ¿ < 1 




[Xí,Xq 


= Xi+i , 


< j < 1 




= Yj+i 


1 < i < 2 






= Yi+1 


1 < j < 2 


[^o,n] 


= aY2 


a e C 


= < 


[^0,1^2] 


= -Y3 




[Xi,Y{\ 








[^i^^^i] 


= Xi 




[Yi,Y^] 


= ^2 






[>^l,>^2] 


= X2 





[Xi, Xq] — X 



j+i 



[Xj- , Xo 
[Xo.Fl] = -^2+13 
[Xo,F2] = -l3 

[^1,1^1] =Xi 

[11,^2] =X2 



< ¿ < 1 

1 < J < 2 



Mío 



[Xi, Xq] — Xj+i, 

[Y],Xq] = Y,-+i 

[Xo.ri] = -^2 
[Xo,r2] = -^3 

[^1,^3] =-X2 
[Í^2,l2] =X2 

[F3,yi] = -X2 



< i < 1 

1 < i < 2 
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/^ll 





- Yj+i 


1 < J < 2 


[Xi , Xq 


= < ¿ < 1 




= -Y2 




[Yj,XQ] 


= Yj+i l<j<2 




= -Y3 




[Xo,Yi] 


= hy^ 


[Yi,Y,] 


= Xi 


Ml2 = < 


[Xi,Y,] 






= X2 




[YuY,] 


= Xo 


[Yi^Ys] 


^-X2 




[Y2,Y,] 


= Xi 


[Y2,Y2] 


= X2 




[Y3,Y,] 


= X2 


[Y3,Y,] 


= -X2 









Proof. By using a generic change of basis, along with the graded Leibniz idcntity 
and the lemma [5771 we obtain the result. □ 



Remark 5.9. It is easily to see that /ii2 is the Leibniz superalgebra of the theorem 
13.91 for the case (3,3). 

Proposition 5.10. 

/(3,3) = 6 

Proof. Is a corollary of the above lemma. □ 



Proposition 5.11. 

M^'^ = 0(/ii2) 

Proof. Is a corollary of the above lemma. □ 

Proposition 5.12. 0(/iii), 0(/ii2) are Zariski open subsets of N^-^. 

Proof. Since dimC^[^i) = O for 1 < ¿ < 9 and dimC^{fiio) = dimC^{fiii) = 
1 and dimC^{fii2) — 3, we have that 0(^12) is an open subset of N^'^ and 
0(^11) <¡¿ Ui<i<QclO{fii). Note that 0(^^10) C dO(^ii), in fact if we take ft — 
fto + /íi, where fto{Xo) = f-^Xo, f^X^) = t'^Xi, /^«(Xs) = 1-^X2, and 
ftiiYi) = t--2Yi, fti{Y2) = t-lY2, ftiiYs) = t-ÍY3, we obtain that if í ^ O 
then O{nio) C clO{fiii). 

Since dimCent(fii2) = 4 and dimC'ent{^ii) — 2, we have that 0(/iii) ^ 
clO{^i2). Thus 0(^11) (jt. Ui<i<i2,i/iidO(^i), that is, 0(/iii) is an open subset 

of 7V3,3 ' □ 



5.3. Case n = 3. 

Lemma 5.13. Let L he any Leibniz superalgebra L € 2F'^'^ . Then, it is isomorphic 
to one of the following Leibniz superalgebras that can be expressed in an adapted 
basis {Xo,Xi,X2,X3,Yi,Y2,Y:i} by 
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> -'^o] = Yj 



í+lj 



i+1 



[Xo,Fl] = -y2 + Í3 

[Xo,y2] = -i3 

[n,n]=X3 



< ¿ < 2 

1 < J < 2 



M2 



[Xi,Xo] 



{-l-a)Y^ 



[Xi,Yi]=aY:i 



< ¿ < 2 

1 < i < 2 

a e C 



[X„Xo]=X,+i, 0<¿<2 

[Xo,ri] = -r2 

[Xo,r2] = (-l-a)F3 aeC 

[yi,yi] = x2 

[^1,^2] = Xa 



f [X„Xo]=X,+i, 0<¿<2 

K-,Xo] = r,+i i<i<2 

[Xo,Yi] = -1^2 + ^3 

[Xo,y2] = (-i-a)y3 aeC 

[Xr,Yx]=aY^ 
[YuY^]=X2 
[^1,^2]= Xa 



[J!:í,Xo] =Xi+i, 0<i<2 

K-,Xo] = y,+i i<i<2 
[Xo,yi] = ^3 
[yi,yi] = x3 



Me 



' [Xi,Xo] =X¿+i, 0<¿<2 

[yi,yi] = ^2 

[^2,^1]= Xa 



[Xí^Xq 


= Xj+i, 


< i < 2 




[X¿,Xo 


= Xí+i, 


< ¿ < 2 


K,Xo] 


= Yj+i 


1 < i < 2 




K-,Xo] 


= Yj+i 


1 < J < 2 


[Xo,yi] 


= ^3 




Mg= < 


[Xo,yi] 


= aY2 


a e C 


[YiM 


= X2 






[Xi,yi] 


= aY3 




[Y2.Y^\ 


= Xa 






[Yi,Y,] 


= Xa 





[Xi,Xo] =Xi+i, 0<i<2 
[Yj,Xo]=Yj+i l<j<2 

[Xo,Y,] = -Y2 

[Xo,Y2]^~Y3 

[Yi,Y3]=X3 

[Y2,Y2] = -Xs 

[Ys,Yi]=Xs 



( [X„Xo]=X^+i, 0<i<2 
[Yj,Xo] = Yj+, l<i<2 
[Xo,Fi] =-F2 

[Xo,y2] = -^3 

Mio = <( [yi,yi] = x2 

[^1,^2] = Xa 
[^1,^3] = Xa 

[y2,y2] = -Xa 
l [ya,yi] = Xa 
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[Xi, Xo 


= Xi+i, 


< i < 2 




= Yj+i 


1 < i < 2 




= -Y2 + Ys 




= -Y3 




[Yi,Y,] 


= 01X2 


a e C 


[Yi,Y2] 


= 01X2, 




[YuYs] 


= Xs 




[Y2,Y2] 


= -Xs 




[Ys,Yi] 


= X3 




[Xi, Xq 


= Xi+i, 


< i < 2 


[Yj,Xo] 


= Yj+1 


1 < i < 2 


[Xo,Yi] 


= Y3 




[Yi,Y,] 


= x. 




[Y2,Yi] 


= X2 




[Y3,Yi] 


= X3 





M12 



[Xi, Xq] — Xi^i, 

[Yi,Yi]=Xi 
[Y2,Yi]=X2 
[Y3,Y,]=Xs 



0<i<2 
1 < i < 2 



Proof. By using a generic change of basis, along with the graded Leibniz identity 
we obtain the result. □ 



Remark 5.14. AU the above zero-fihform Leibniz algebras have nihndex 4, three 
units less than the total dimensión of the supcralgcbra. 

Proposition 5.15. There exists one non empty subset J of <C such that the set 
cZ(U„gjO(/u";^)) is an irreducible component of N'^'^ 

Proof. For 1 < z < 13,z ^ 9, 10, 11 the invariant dimZ{iii) is higher or equal to 4, 
but for i = 9, 10, 11 it is less than 4. And /Ug C dO(/Uio), /xio C dO{ii\i), in fact, if 
we takc the following maps 

ft = fto + fti, where fto{Xo) = tXo, fto{Xi) = t^X,, /(«(Xz) = 1^X2, 
ftoiXs) = t^X3, and /ti(Fi) = tYi, /«(Fs) = í'l2, fniYa) = t^Y^, 

and correspondingly 

9t = 9to + 9ti, where gto{Xo) = tXo, gto{Xi) = t^Xi, ^¡0(^2) = í^^2, 
gtoiX^) = t^Xs, and ga{Yi) = tY^, 5*1(^2) = í'l2, 5*1(^3) = í'l^s, 
we obtain that if í — s- O then /ig C clOipio), /iio C clO{ii\i). 
We have that exists such subset J of C stated in the proposition. □ 



The question now is if there exists any Leibniz superalgebra of nilindex higher 
than 4 that is the maximal nilindex maximal for the zero-filiform Leibniz superalge- 
bras. When we search this supcralgcbra in filiform Leibniz supcralgebras (the only 
remain family of Leibniz supcralgebras that can arisc nilindex 6, one unit smaller 
than the total dimensión) appears the following proposition. 

Proposition 5.16. Let L be any filiform, (non Lie) Leibniz superalgebra L = 
Lq © Li with dim{Lo) = 4, and dim{Li) = 3. If L has nilindex 6, then it will 
be isomorphic to the following Leibniz superalgebra that can be expressed in an 
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adapted basis {Xq, Xi, X2, X3, li, I2, i^s} by 

\Xi,Xq] 



R 



4,3 



X2 
X3 
X2 



Y2 

>3 



[X2,Xa\ 

[Xq, Xa] 
[^o,n] = \Y2 
[Xi,Y^]^\Y2 

[Yi,Xo] 
[Y2,Xa] 
[Yi,Yi]=Xa 
[Y2,Yi]^X2 
[i"3,n] =^3 

Proof. By using lemma 15.61 and graded Leibniz identity we obtain that thc only 
family of laws with nilindex 6 is 

[Xi , Xq] = X2 

[X2 , Xq] = X3 

[Xo , Xq] ~ X2 



[Xo,Yi] 
[XuYi] 

[X2,Yi] 

[Yi.Xo] 
[Y2,Xa] 
[Yi.Y,] 
[Y2,Y,] 
[Y3,Y,] 



"11 



2(6?i + 




¿?i 




2(6?i + 




&?i 




2(&?i + 


b\^) 


= Y2 




= Y3 





Y. 



Y2 - 



"llOll 



m^+b\,? 

b\Ai 

mi+b\,Y 



Y. 



Y. 



b°,XQ + bl^Xi + bl^X2 + 6?iX3 

(6?l+6h)^2 + fe?i^3 

(6?i+6}i)^3 

with the restrictions b\i 7^ O and b\^ ^ ~^ii- By applying the change of basis 

^?iXo + + bl^X2 + 6?iX3 



X',= 
X[^ 
X'2^ 

n- 

Y{- 



+ b\^)X2 + 6?i6?iX3 



= (6?i)^(6?i 
Yx 

b\xY2 
(b\,fY, 



b\x)X3 



R^'^ is obtained. 
Proposition 5.17. 

/(4,3) = 6 

Proof. Is a corollary of the above proposition. 



□ 



□ 
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Proposition 5.18. 

Proof. Is a coroUary of the proposition l5.16l □ 



5.4. Case n > 4. 



Lemma 5.19. Let L be any Leibniz superalgebra L e _2^"+i.3^ with n > 4. 
Then it is isomorphic to one of the following Leibniz superalgebras, pairwise non- 
isomorphic, that can be expressed in an adapted basis {Xq, Xi, X2, X¡, X4, . . . , X„, Yi, Y2, Y¡} 
by 



Mi 



[Xi, Xq] 
[Yj,Xo] - 

[X0,Yl] : 
[X0,Y2] : 



X 



i+li 

---Y2^ 
X„ 



< i < n- 1 

1 < J < 2 



[Xi, Xo] — 

[Xo,ri] = -^2 
[Xo,r2] = (-1- 

[Yi,Yi]^Xn 



0<i <n 
l<j<2 



a)Y3 a £ 



Xi , Xq 


— Xi+i, 




< i < n - 1 






[Xi , Xo 


— Xi+i, 




< i < n 


Yj,Xf) 


= Yj+i 




1 < J < 2 






[Yj,Xo] 


= Yj+i 




l<j<2 


[Xo,Y,] 


= -Y2 










[Xo,Yi] 


= -Y2^ 


-Y3 




[Xo,Y2] 


-(-1- 


a)Y3 


a e C 


- < 




[Xo,Y2] 


= (-1- 


a)Y3 


a e C 


[Xi,Yi] 


^aYs 










[Xi,Yi] 


^aYs 






[Yi,Y,] 


— Xn^i 










[Yi,Y,] 


— Xn-l 






[Yi,Y2] 


= Xn 










[Yi,Y2] 


~ Xn 






Xi, Xq 


— Xi+i, 


< 


i < n — 1 






[Xi, Xq 


= Xi^i, 


< 


i < n — 1 


Yj,Xc] 


= Yj+i 


1 < 








[Y„Xo] 


= Y,+i 


1 < 


J <2 


Xq, Yi] 


= Y3 










[Yi,Y,] 


= Xn~l 






Yi,Y,] 


= Xn 










[Y2,Y,] 


= Xn 







AÍ7 



[Xi, Xq] — Xi-^-l, 
[Yj,XQ] = Yj+i 
[Xo,Yi]=Y3 

[Yl, Yi] = Xn^l 
[Y2,Yi]=Xn 



0<i <n 
1 < J < 2 



f^8 



[Xi, Xo] — Xi+i, 
[Yj,Xo] = Yj+i 
[Xo,Yi]^aY2 
[Xi,Yi]=aY3 

[Yi,Yi]^Xn 



< i < n- 1 

1 < i < 2 
a e C 
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[Xi,Xo\= Xi+i, 0<í<n-l 




[yj,Xo] =yj+i l<j<2 


[y,-,Xo] = y,+i i<j<2 




[Xo,yi] = -y2 


[Xo,yi] = -y2 




[Xo,y2] = -y3 


[^0,^2] =-^3 


Mío = < 


[yi, yi] = Xn-i 


[^1,^3] 




[Yi,Y2]=Xn 


[y2,y2] = -Xn 




[YuY^]=Xn 


[ys.yi] = x„ 




[Y2,Y2] = -Xr, 

. [y3,yi] = x„ 



[Xi , Xo 




< i < n- 1 


\Y, , Xc)] 




1 < 7 < 2 


ÍXn,yi' 






\Xn Yo 


= -Y% 




\Yx,Yi\ 




a e C 


íy Y-A 


= (y,Xfi 




íy Y-Á 






[-'2) 2J 






íy3,yii 








= X¿+i, 0< 


i < n — 1 






Í<2 


[^o,yi] 


= y3 




[>"i,n] 


= 




[^2,yi] 


= Xn-l 






= Xn 






— Xi+i, 


< i < n- 1 




= ^j+í 


1 < J < 2 




= -Y2 




[^0,1^2] 


= -Y3 






— Xn-2 






= Xn-1 






= aXn 


a G C - {0} 


[i^2,y2] 


= (1 - a)Xn 






= (a - l)Xn 





/"12 



MÍ4 



[X¿, Xo] 


= Xi+i 


, < i < n- 1 




= Yj+i 


i<i 


< 2 




= Xn-2 






[Y2,Yi] 


= Xn~l 








= Xn 






[Xi,Xa] 


= Xi+i 




< i < n 


[Yj,Xo] 


= Yi+1 




1 < J < 2 


[Xo,Yi] 


= -Y2 + aYi 


a G C 


[Xo,Y2] 


= -Ys 






[YuYi] 


= Xn-2 






[Yi,Y2] 


= Xn-1 


+ aXn 




[>2,yi] 


= aXn 






[y2,y2] 


= Xn 






[Y3,Y,] 


= —Xn 







Proof. By using a generic change of basis, along with the graded Leibniz identity 
we obtain the result. □ 
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Remark 5.20. All the above zcro-filiform Lcibniz algebras have nilindex n + 1, three 
units smallcr than thc total dimensión of thc superalgebra. 



Theorem 5.21. Let L be an arbitrary (non Lie) Leibniz filiform superalgebra with 
gz{L) — (n, 1|3) and n> 4. Then L always has nilindex n. 

Proof. Is a consequence of the above lemma, of the lemma lÜ^ and of graded Leibniz 
identity. □ 



Theorem 5.22. 

Proof. Consider R'^-^ {X^ ^ ZF^'^ with nilindex 5. 
Conjecture 1. 

1,3) = n + 1, ifn>4 



□ 



M 



n+1,3 



C ZF 



ri+1,3 



if n > 5 



6. Leibniz Superalgebras with two-dimensional even part 

According to the precedent cases, now the first subease to consider is m = 4. In 
these cases, that is n = 2 and m > 4, in order to prove the foUowing proposition 
we use the condition of nilpotency, graded Leibniz identity and gcneric changes of 
basis (isomorphisms) . However, in this case the complexity is higher than the other 
cases. 

Proposition 6.1. Let L be any Leibniz superalgebra L € ZF"^'"^ , with m > 4. 
Then it is isomorphic to one of the following Leibniz superalgebras, pairwise non- 
isomorphic, that can be expressed in an adapted basis {Xq, Xi, Yi, I2, ^3, ^^4, • ■ • , Ym} 
by 



tík 



[Xq, Xq] — Xi 

[r„Xo] = y.+i i<z<m-i 

[Xo,Y,] = -Yj+i \<j<m-l 

[y„Yj] = {-ly+^Xi 1 < z,j < m, i+j = 2k + 2 



with l<k< \J^\ . 



[Xq , Xq] = Xi 

[r„Xo] = y.+i i<¿<m-i 

[Xq,Yi] = -Y2 + Y,n 
[Xq,Yj] = -Yj+i 2<j<m-l 
^ %,Y,]^{-iy+^X^ 1 <¿,j<m, ¿ + j = 2fc + 2-2[^J 



with [f J < fc < TO - 2. 
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[Xq, Xq] — Xi 
[Y,,Y,]=X, 



1 < i < m — 1 



fJ-r, 



[Xf) , Xq] — Xi 

[Y„Xo]=Y,+i l<¿<m-l 

[Xo,Yi]^Ym 

[Yi,Yi]^Xi 



= < 



[Xq, Xq] — Xi 

[Yi,Xo] = y¿+i 

[-'^o, Yj] = -Yj+i 
[Yi,Y^]=X^ 



1 < í < 771 - 1 

2 < j < 771 - 1 



[Xq, Xq] — Xi 

\Yi, Xq] = y¿+i 

Mm+2 = { [^0, Yi] = ~Y2 



[Xq, Yj_ 



3 + í 



^ [Yi,Yi]^Xi 

Theorem 6.2. When m is odd [m > 4), then Oiji m-i ) is an open suhset o¡ ZF^'™ . 

Proof. The present proof is evident, because all the above Leibniz superalgebras for 
m even have nilindex 777,, but for m odd, /í ,ti-i will have maximal nilindex m+í. □ 

Lemma 6.3. Let L ^ Lq (S) Li be an arbitrary Leibniz filiform superalgebra with 
gz(L) = (1, 1|4). Then Lq is the abelian algebra and L will have nilindex 4. 



Proof. The above lemma is a consequence of Icmma 15.61 of the graded Leibniz 
identity and of the condition of being nilpotent. □ 



Proposition 6.4. 



/(2,4) = 5 



Proof. Consider (IqQ) < I4 >, where /ig is the zero-fihform Leibniz superalgebra of 
maximal nilindex for the case 77, = 2 and 777 = 3 (sce Lemma IS.ip . □ 



We have as corollaries the foUowing proposition and theorem. 



1 < 7 < 777 — 1 



2 < j < 777 - 1 



Proposition 6.5. 



Theorem 6.6. 



/(2, 777) = 777 + 1, if m is odd and m > 5 
f(2,m) — m, if m is even and m>6 



Theorem 6.7. Ifm> 5, then 

Proof. For 777, odd we can consider the Lie superalgebra íí^'™ (see [10]) that has 
nilindex 777 + 1 and it is not included in ZF For 777 even we can consider 
^2.m-i ^ (¡- ^i^j^ nilindex m. □ 
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7. CONJECTURE 

Conjecture 2. 

If n + 1 and n are the dimensions of the even part and the odd part, respec- 
tively, the only non split Leibniz superalgebra of type (n + 1, n) and nilindex 2n 
is the foUowing fiUform Leibniz superalgebra. The law of this superalgebra can be 
expressed, in an adapted basis {Xq, X\,..., X„, Y\,Y2, . . . ,Yn\, by 



[Xi, Xq 


= XiJ^i 


1 < i 


< 


n — 


1 


[Xq,Xo 


= X2 






















[XuY^] 


— iv 


1 < ?; 


< 


n — 


1 


[Yj.Xo] 




i<j 


< 


n — 


1 




= Xo 














1 < i 


< 


n 
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